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Executive Summary
This document contains a report on latest research progress of ESR 2 and ESR 4 under
WP 2.
The first two sections, End-to-end Deep Learning of Optical Fiber Communication Systems and Digital Nonlinearity Compensation Considering Signal Spectral Broadening Effects in Dispersion-managed Systems, contain the contributions of ESR 2. It includes the
work conducted up to date during the ongoing secondment period in Nokia Bell Labs,
Stuttgart, related to machine learning applications in optical fiber communication. Continuation of the journal publication on spectral broadening effects in nonlinearity compensation reported in D2.1 is also included. This has already been accepted for presentation
at the Optical Fiber Communications Conference (OFC) 2018.
The first part focuses on the application of machine learning techniques for optical fiber
communication. In particular, we propose deep learning techniques for designing a fiberoptic system which is robust to linear and nonlinear impairments during transmission. Our
work investigates intensity modulation/direct detection systems, which are currently the
preferred choice in many data center, access, metro and backhaul applications because of
their simplicity and cost-effectiveness. The IM/DD communication channel is nonlinear
due to the combination of photodiode (square-law) detection and fiber dispersion. We
model the fiber-optic system as a deep fully-connected feedforward neural network. Our
work aims to demonstrate that such a deep learning system that includes the transmitter
and receiver functions and components as well as the nonlinear channel, can achieve reliable
communication below FEC thresholds. This is the first step towards deep neural network
systems tailored to the nonlinear properties of the optical fiber channel.
The second part reports the research progress on the spectral broadening effects in digital
nonlinearity compensation. In particular, we study the impact of spectral broadening
on the performance of nonlinear compensation applied to legacy submarine dispersionmanaged links is studied. We show that an additional signal-to-noise ratio improvement
at optimum launch power is achieved by optimizing the compensated bandwidth.
The third section, Probabilistic Eigenvalue Shaping for Nonlinear Fourier Transform
Transmission, contains the contributions of ESR 4. It focuses on the NFT, a concept
utilizing the nonlinearities of the fiber optic channel for the design of the communication
system. Pulse propagation in optical fibers is governed by a nonlinear differential equation
- the nonlinear Schröodinger equation (NLSE). The corresponding nonlinear effects on a
transmitted pulse of light severely impair communication over this channel. The NFT
transforms a signal from the time domain into a nonlinear spectral domain where the
modes propagate linearly, a characteristic that is highly desirable for a communication
system.
In general, for a given channel, the capacity-achieving distribution is not known and
is often different from the conventional distribution with equispaced signal points and
uniform signaling. Hence, some form of shaping is required [1]. Two popular methods
of shaping are probabilistic shaping and geometric shaping. In geometric shaping, the
capacity-achieving distribution is mimicked by optimizing the position of the constellation
points for equiprobable signaling [2] whereas probabilistic shaping uses uniformly spaced
constellation points and approximates the capacity-achieving distribution by assigning
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different probabilities to different constellation points [1]. The main drawback of probabilistic shaping is its practical implementation. An abundance of probabilistic shaping
schemes have been presented, most suffering from high decoding complexity, low flexibility in adapting the spectral efficiency, or error propagation. Recently, a new scheme
called probabilistic amplitude shaping (PAS) has been proposed in [3]. Compared to other
shaping schemes, PAS yields high flexibility and close-to-capacity performance over a wide
range of spectral efficiencies for the additive white Gaussian noise (AWGN) channel while
still allowing bit-metric decoding. Although originally introduced for the AWGN channel,
PAS can be applied to any channel with a symmetric capacity-achieving input distribution.
In this work, we consider a similar nonlinear Fourier transform (NFT)-based transmission scheme as the one presented in [4], where data is embedded into the imaginary part
of the nonlinear discrete spectrum. As a means to increase the data rate, we demonstrate
that the concept of PAS can be adapted to this NFT-based transmission system. In particular, we propose a probabilistic eigenvalue shaping (PES) scheme, enabling similar low
complexity and bit-metric decoding as PAS. We take advantage of the dependence of the
pulse length on the data for the NFT-based transmission system and transmit each pulse
as soon as the previous one has been transmitted rather than with a fixed interval as in [4],
yielding increased data rate. Accordingly, we find the capacity-achieving input distribution, in terms of maximizing the time-scaled mutual information (MI). The PES scheme
then shapes the information symbols according to the capacity-achieving distribution by
a distribution matcher (DM). The information symbols are also encoded by a low-density
parity-check (LDPC) encoder and the parity symbols at the output of the encoder are
suitably modulated. The resulting sequence of modulated symbols and the sequence at
the output of the DM are transmitted via time-sharing. We further derive an achievable
rate for such a PES scheme. We demonstrate via discrete-time Monte-Carlo and split-step
Fourier (SSF) simulations, that PES performs at around 2 dB from capacity using off-theshelf LDPC codes. The proposed PES scheme yields a significant improvement of up to
twice the data rate compared to an unshaped system as in [4].
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1 End-to-end Deep Learning of Optical Fiber Communication
Systems
1.1 Introduction
The application of machine learning techniques in communication systems has attracted a
lot of attention in recent years [5, 6]. In the field of optical fiber communications, various
tasks such as performance monitoring, fiber nonlinearity mitigation, carrier recovery and
modulation format recognition have been addressed from the machine learning perspective [7–9]. In particular, since chromatic dispersion and nonlinear Kerr effects in the fiber
are regarded as the major information rate-limiting factors in modern optical communication systems [10], the application of artificial neural networks (ANNs), known as universal
function approximators [11], for channel equalization is of great research interest [12–16].
For example, a multi-layer ANN architecture, which enables deep learning techniques [17],
is considered in [18] for the realization of nonlinearity compensation by digital backpropagation (DBP) [19]. It is shown that the proposed neural network-based DBP achieves
similar performance to the conventionally-implemented DBP for a single channel 16-QAM
system while reducing the computational demands. Typically, neural networks operate
on real rather than complex numbers [20]. Thus only real-valued ANNs are supported
in state-of-the-art deep learning libraries, partly because a complex-valued ANN can be
represented by a real-valued network of twice the size [21]. Therefore, neural networks
are directly suited for dealing with real-valued signals as in intensity modulation/direct
detection (IM/DD) optical fiber systems. For instance, in [22] ANNs are considered for
equalization in PAM8 IM/DD systems. Bit-error rates (BERs) below the forward error
correction (FEC) threshold are experimentally demonstrated over 4 km transmission distance. In [23], deep ANNs are used at the receiver of the IM/DD system as an advanced
detection block which accounts for channel memory and linear and nonlinear signal distortions. For short reaches (1.5 km), BER improvements over common feed-forward linear
equalization are achieved.
In all these examples, the deep learning techniques are applied to optimize a specific
function in the fiber-optic system, which itself consists of several signal processing blocks
at the transmitter and receiver, each identified with an individual task, e.g. coding,
modulation and equalization. In principle, such a modular implementation allows the
system components to be analyzed, optimized and controlled separately and thus presents
a convenient way of building the communication link. Nevertheless, the sub-optimality
of such an approach is well-known for example in the case of coded modulation where
combining coding and modulation functions in a single process can improve the achievable
information rate of the system [24]. As a consequence, individually optimized signal
processing modules do not necessarily achieve the optimal end-to-end system performance.
Deep learning techniques, which can approximate any complex nonlinear function [17],
allow to design the communication system by carrying out the optimization in a single
end-to-end process including the transmitter and receiver as well as the communication
channel. Such a novel design based on full system learning avoids the conventional modular structure, because the system is implemented as a single deep neural network, and
has the potential to achieve an optimal end-to-end performance. The objective of the
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approach is to acquire a robust representation of the input message at every layer of the
network. Importantly, this enables a communication system to be adapted for information transmission over any type of channel without requiring prior mathematical modeling
and analysis. The viability of such an approach has been demonstrated experimentally in
wireless communications [25,26]. Such an application of deep learning techniques presents
the opportunity to fundamentally reconsider the communication system design towards
end-to-end optimization.
Our work introduces end-to-end deep system learning for designing optical fiber communication transceivers. The focus in this paper is on IM/DD systems, which are currently
the preferred choice in many data center, access, metro and backhaul applications because of their simplicity and cost-effectiveness [27]. The IM/DD communication channel
is nonlinear due to the combination of photodiode (square-law) detection and fiber dispersion. Moreover, additive noise is induced by the amplifier and the quantization in
the DACs/ADCs. We model the fiber-optic system as a deep fully-connected feedforward
neural network. Our work shows that such a deep learning system that includes the transmitter and receiver functions and components as well as the nonlinear channel, achieves
reliable communication below FEC thresholds. The feasibility of the approach is demonstrated experimentally and information rates of 76 Gbps at up to 80 km are achieved,
showing an excellent agreement with the simulation results. Moreover, a training method
for generalization of the learned transmitter and receiver functions over varied transmission distance is presented, thus increasing the flexibility and robustness of the design.
Since the waveform generation is an important process in such systems the impact of
quantization noise on the performance is also investigated.

1.2 Deep fully-connected feedforward neural networks
A fully-connected K-layer feed-forward neural network maps an input vector s0 to an
output vector sK through iterative steps of the form:
sk = αk (Wk sk−1 + bk ),

k = 1, .., K.

(1)

Where sk−1 ∈ RNk−1 is the output of the (k − 1)-th layer, sk ∈ RNk is the output of the
k-th layer, Wk ∈ RNk ×Nk−1 and bk ∈ RNk are respectively the weight matrix and the bias
vector of the k-th layer and αk is its activation function. The set of layer parameters Wk
and bk is denoted by:
θk = {Wk , bk }.
(2)
The activation function αk introduces nonlinear relations between the layers and enables
the approximation of complex nonlinear functions by the network. A common choice of
an activation in state-of-the-art ANNs is the rectified linear unit (ReLU) function, which
acts individually on each of its input vector elements by keeping the positive values and
equating the negative to zero [28], y = αReLU (x) with:
yi = max(0, xi ).
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Where yi , xi denote the i-th elements of the vectors y and x, respectively. Compared to
other popular activation functions such as the hyperbolic tangent and sigmoid, the ReLU
function has a constant gradient, which makes it computationally less expensive.
The final (decision) layer of a neural network often uses the softmax activation function:
e xi
softmax(x) = P xj .
e

(4)

j

The training of the neural network can be performed in a supervised manner by labeling
the training data. This defines a pairing of an input vector s0 and a desired output vector
s̃K . Therefore, the training objective is to minimize, over the set of training inputs S, the
loss L(θ), with respect to the parameter sets θ of all K layers, given by
L(θ) =

1 X
`(sK,i , s̃K,i )
|S|

(5)

i∈S

between the ANN output sK when s0 is the input, and the desired s̃K . In (5) `(x, y) is the
loss function and |S| denotes the cardinality of the training set. A loss function relevant to
the communication problem and thus considered in this work is the cross-entropy defined
as:
X
`(x, y) = −
xi log(yi ).
(6)
i

A common approach for optimization of the parameter sets θ in (5), which reduces computational demands, is to operate on a small batch S (called mini-batch) of the set of training
data and perform the stochastic gradient descent (SGD) algorithm initialized with random
θ, which is iteratively updated as follows:
θt = θt−1 − η∇L(θt−1 ).

(7)

Where η is the learning rate of the algorithm and ∇L(θ) is the gradient of the loss function
of the mini-batch defined as in (5):
L(θ) =

1 X
`(sK,i , s̃K,i ).
|S|

(8)

i∈S

In modern deep learning, an efficient computation of the gradient in (7) is achieved by
error backpropagation [17, 29]. A state-of-the-art algorithm with enhanced convergence
is the Adam optimizer which dynamically adapts the learning rate η [30]. The Adam
algorithm is used for optimization during the training process in this work. All numerical
results in the manuscript are generated using the deep learning library TensorFlow [21].
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Figure 1: Schematic of the IM/DD optical fiber communication system implemented as
a deep fully-connected feedforward neural network. Optimization is performed
between the input messages and the outputs of the receiver, thus enabling endto-end deep system learning.

1.3 Communication system
1.3.1 Transmitter section of the neural network
We implement the IM/DD fiber-optic system as a single deep fully-connected feedforward neural network as depicted in Fig. 1. A block-wise approach is used as proposed
also in [25], which, in addition to being computationally simple, allows massive parallel
processing of the transmission blocks.
A block consists of a transmitted message (one of M ), which is encoded into a onehot vector of the size M , denoted as 1m ∈ RM , where the m-th element is 1 and the
other elements are 0. The vector is fed to the first hidden layer of the network, whose
weight matrix and bias vector are W1 ∈ RM ×2M and b1 ∈ R2M , respectively. The second
hidden layer has dimensionality of the parameters W2 ∈ R2M ×2M , b2 ∈ R2M . The ReLU
activation function is applied at both hidden layers. The next layer prepares data for
transmission and its parameters are W3 ∈ R2M ×n , b3 ∈ Rn . The dimensionality of this
layer determines the oversampling rate of the transmitted signal. In our work, four times
oversampling is considered and thus the message is effectively mapped onto n/4 symbols.
The information rate (in bits/symbol) then becomes
R=

4 log2 (M )
n
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and the system can be viewed as an (n/4, log2 (M )) auto-encoder. We consider bipolar
signaling and the NN transmitter has to limit its output values to the Mach-Zehnder
modulator (MZM) operation region [−π/2; π/2]. This is achieved by applying an activation
function for the final layer which combines two ReLUs as follows:



 π
π
π
α3 (x) = αReLU x + −  − αReLU x − +  − + .
(10)
2
2
2
q
Where the term  = σq2 /2 ensures the signal is in the MZM limits after quantization
noise is added by the DAC. The variance σq2 of the quantization noise is defined in the next
subsection. Fiber dispersion introduces interference between several consecutive symbols
and multiple transmitted blocks need to be considered to model realistic transmission.
The central transmitted block, which is under optimization, is thus concatenated with N
neighboring blocks before low-pass filtering, digital-to-analog conversion and modulation,
which are considered as part of the communication channel and discussed in the following.
1.3.2 Communication channel
The main limiting factor in IM/DD systems is the intersymbol interference (ISI) as a result of optical fiber dispersion [31]. Moreover, in such systems simple photodiodes (PDs)
are used to detect the intensity of the received optical field and perform opto-electrical
conversion, so called square-law detection. As a consequence of the joint effects of dispersion and square-law detection, the IM/DD communication channel exhibits nonlinear
properties.
In our work, the communication channel, which includes the low-pass filtering (LPF),
that accounts for the finite bandwidth of transmitter and receiver hardware, digital-toanalog (DAC) and analog-to-digital conversion (ADC), Mach-Zehnder modulation (MZM),
photo-conversion by the PD, trans-impedance amplification (TIA) and optical fiber transmission, is considered part of the system implemented as an end-to-end deep feedforward
neural network shown in Fig. 1. The signal that enters the section of the NN after channel
propagation can be expressed as:
r(t) = |u(t)|2 + n.

(11)

Where u(t) = ĥ{x(t)} is the waveform after fiber propagation, x(t) is the signal after
filtering and digital-to-analog conversion, ĥ{·} is an operator describing the effects of the
electrical field transfer function of the modulator and the fiber dispersion, n is an additive
white noise arising from the DAC/ADCs and the receiver’s TIA circuit. We now discuss
in more detail the system components.
Chromatic dispersion in the optical fiber is mathematically expressed by the partial
differential equation [31]
∂A
β2 ∂ 2 A
= −j
(12)
∂z
2 ∂t2
where A is the complex amplitude of the optical field envelope, t denotes time, z is the
distance along the fiber and β2 is the dispersion coefficient. Equation (12) can be solved
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analytically by taking the Fourier transform, yielding the dispersion frequency domain
transfer function


β2 2
D(z, ω) = exp j ω z
(13)
2
where ω is the angular frequency. In our work, fiber dispersion is applied in the frequency
domain on the five-fold zero-padded version of the signal.
The Mach-Zehnder modulator (MZM) is modeled by its electrical field transfer function,
a sine which takes inputs in the interval [−π/2; π/2] [32]. The trans-impedance amplification (TIA) circuit in conjunction with the PD contributes an additive white Gaussian
noise with variance [33]
σa2 = Γ

4kB T
gm



G+1
RFB

2

1 4kB T
B+ Γ
(2πCTOT )2 B 3 .
3 gm

(14)

where Γ and gm are the field-effect transistor (FET) channel noise factor and transconductance, respectively, kB is the Boltzmann constant, T is the temperature in Kelvin units,
RFB is the feedback resistance, G is the amplifier’s gain, B denotes the bandwidth and
CTOT is the total capacitance of the circuit. This is added to the variance of the thermal
noise at the receiver, which is
4kB T B
2
σth
=
.
(15)
RFB
The DAC and ADC components introduce quantization noise, modeled as an equivalent
additive white uniform noise with variance determined by the effective number of bits
(ENOB) of the device [34]
σq2 = 3P · 10−(6.02·ENOB+1.76)/10

(16)

where P is the average power of the input signal. Low-pass filtering is applied before the
DAC/ADC components to restrict the bandwidth of the signal. The LPF at the receiver
side has twice the bandwidth of the transmitted filter to account for spectral broadening
effects as a result of the nonlinear interactions.
1.3.3 Receiver section of the neural network
After square-law detection, amplification, low-pass filtering and analog-to-digital conversion the central block is extracted for further processing in the receiver section of the neural
network. The architecture of the following layers is identical to those at the transmitter
side in a mirrored order. The parameters of the first receiver layer are W4 ∈ Rn×2M ,
b4 ∈ R2M . Activation function is the ReLU as defined in (3). The next layer has the same
activation and parameters W5 ∈ R2M ×2M , b5 ∈ R2M . The parameters of the final layer
in the deep system learning structure are W6 ∈ R2M ×M , b6 ∈ RM . The layer’s activation
is the softmax function and thus the output is a probability vector y ∈ RM with the same
dimension as the one-hot vector encoding of the message. At this stage a decision on the
transmitted message is made and a block error occurs when m 6= argmax(y). Where m is
the index of the element equal to 1 in the one-hot vector (1m ) representation of the input
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message. Then the block error rate (BLER) can be defined as:
BLER =

1 X
I(mi 6= argmax(yi )).
|S|

(17)

i∈S

Where |S| is the cardinality of the set of messages S and I is the indicator function, equal
to 1 when the condition in the brackets is satisfied and 0 otherwise.

1.4 Preliminary results
The following preliminary results are generated for M =64 and n=12 and fixed SNR at
the receiver equal to 7 dB. Currently research is conducted towards optimizing these hyperparameters and new collection of results is an undergoing process before experimental
validation and submission of the work for publication. Nevertheless, the presented earlystage results in the following provide an insight on the expected research outcomes.
Figure 2 shows the BLER as a function of transmission distance for deep learning fiberoptic systems trained at a fixed nominal distance. We see that block error rates below
10−2 can be achieved at distances as long as 50 km. However, the network has no incentive
of learning robust signal representations at distances different from those at which training
is performed.
100
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Figure 2: Bit error rate as a function of transmission distance for neural-network-based
systems where the training is performed at a fixed nominal distance.
For this reason a training method of the deep end-to-end ANN, which allows generalization fo the learned transmitter and receiver functions is introduced. Figure 3 shows
the block-error rate as a function of transmission distance for neural networks trained at
normally distributed distances with mean µ kilometers and varied standard deviation. In
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this way the flexibility and robustness of the designed system are increased. The results
show that by performing a single training process at distances drawn from a Gaussian distribution with mean=20 km and standard deviation of 10 km, the system achieves BLERs
below 10−2 when the transmission distance is varied between 0 and 40 km.
100
Trained on (µ, σ):
(20, 0) km
(20, 1) km
(20, 10) km

Block error rate
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10−4

0

5
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35

40

T ransmission distance [km]

Figure 3: Bit error rate as a function of transmission distance for systems where the training is performed at normally distributed distances with mean µ and standard
deviation σ kilometers.

2 Digital Nonlinearity Compensation Considering Signal
Spectral Broadening Effects in Dispersion-managed Systems
2.1 Introduction
A significant improvement in optical communication spectral efficiency is required to meet
ever-increasing information rate demands. In modern systems this is achieved through
a combination of Nyquist-spaced wavelength division multiplexing (WDM) and coherent
reception of transmitted signals; the latter enabling the use of high order modulation
formats accompanied by advanced digital signal processing (DSP) to mitigate signal distortions [10]. Capacity enhancement is necessary in many installed long-haul submarine
links where in-line optical dispersion management (DM) is implemented by the periodic
concatenation of spans of fibers with inverse dispersion parameters [35]. Although practical schemes undercompensate dispersion in each span to reduce phase matching and thus
mitigate nonlinear interactions, nonlinear effects in these systems are still significantly
stronger than their dispersion-unmanaged counterparts. Thus, to significantly increase
the achievable information rate in such legacy links, one must consider the use of digital
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nonlinearity compensation [36, 37]. For DM links, this is feasible because the periodic dispersion map can be exploited to facilitate a significant computational complexity reduction
for algorithms such as digital backpropagation (DBP) [36–38].
Nonlinear optical fiber propagation leads to spectral broadening of the signal [39–41].
For dispersion-unmanaged systems it was shown that consideration of the broadening is
important for optimum compensation of fiber nonlinearities [42]. The broadening effect
strongly depends on fiber dispersion [39]. For DM links, considerable degradations in
transmission distance and bit-error-rate performance due to spectral broadening have been
reported [40]. Even when the optical receiver and signal processing devices match the
transmitted signal bandwidth, truncation of received signal spectral components may still
occur due to the broadening effect. Yet, no investigation has been conducted on the
impact of this truncation on nonlinear compensation performance in DM systems where
the broadening effect is significantly stronger compared to the unmanaged systems. In
this paper, the performance of full-field digital nonlinearity compensation is examined,
specifically considering the spectral broadening effects in DM WDM systems. It is shown
that backpropagation of the full broadened spectrum significantly increases the SNR gains
at optimum launch powers and, thus, allows an improved compensation of signal-signal
nonlinear effects.

2.2 Transmission Parameters and Simulation Setup
To numerically investigate the impact of spectral broadening on nonlinearity compensation, both a single-channel and a 5-channel 32 GBaud Nyquist-spaced WDM transmission
system was simulated over multi-span cascades of standard single mode (SSMF) and dispersion compensating (DCF) fibers. The system schematic is illustrated in Fig. 4(a)
where the fibers parameters are also listed in the table inset. In [42], it was verified that
spectral broadening is modulation format independent and thus, for indicative purposes,
the following results are generated using DP-16QAM. A practical submarine system with
50 km SSMF span lengths was investigated, using a representative dispersion map, shown
in Fig. 4(b), corresponding to 5% undercompensation (adopted from [37]). The study
assumes 20 and 40 spans (corresponding to 1000 and 2000 km of SSMF, net of DCF).
The split-step Fourier solution of the Manakov equation with a logarithmic step-size distribution was used to simulate the fiber propagation [42]. The EDFAs following each span
fully compensate for the fiber loss. The DBP was realized using the inverse solution of
the Manakov equation with an ideal RRC filter applied to select the desired backpropagated bandwidth. The number of steps per span was kept equal for the forward and
backward propagation to achieve optimal compensation performance. The phase noise
from transmitter and local oscillator lasers, their frequency offset and fiber polarization
mode dispersion are neglected.

2.3 Results and Discussion
Figure 5(a), (b) show the received signal spectra for single-channel and 5-channel (indexed
-2,-1,0,1,2) transmission for 1000 and 2000 km transmission distances. The launched
optical power per channel in both cases is 4 dBm which is the optimum power for the
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Figure 4: Multi-channel DM transmission system simulation using DBP (a) LO: local oscillator, ADC: analogue-to-digital converter, N: number of spans. (b) Dispersion
map. Inset table: system parameters.
5-channel system with full-field DBP. We can observe that the received signal contains
an additional spectral band outside of the transmitted spectrum. The impact of this
spectral broadening is emphasized in Fig. 5(c), (d) where the optical launch power versus
SNR is shown for different backpropagated bandwidths in the examined systems. For
the single-channel case (Fig. 5(c)) after 1000 km 32-GHz (transmitted bandwidth) DBP
gives an SNR of 21.8 dB at optimum launch power, whereas this value increases to 24.7
and 24.8 dB, when 48- and 64-GHz DBP is applied, respectively. Similarly, for the 2000
km transmission distance, the optimum SNR is enhanced from 17.4 to 19.2 dB when the
DBP bandwidth increases from 32 to 48 GHz. Since the outer channels in WDM systems
are more affected by spectral truncation [42], Fig. 5(d) shows the SNR versus launch
power for the outer channel (indexed -2) in the 5-channel transmission. By increasing the
backpropagated bandwidth from 160 GHz to 176 GHz, an SNR improvement of 1.5 and
0.9 dB is observed at 1000 and 2000 km, respectively. Fig. 5(e) shows the SNR for each
of the 5 channels for different DBP bandwidths. The launched power is the optimum for
the central channel in the 160-GHz and 172-GHz cases. Including the spectral broadening
in the DBP gives a more significant improvement to the outer channels compared to the
central channel; 2.2 dB compared to 0.3 dB at 1000 km transmission distance. The results
suggest that the inclusion of a constant additional DBP bandwidth ( 16 GHz) for all
transmitted signal bandwidths ensures considerably improved DBP performance, which,
in this case, is an excess bandwidth of just 10%. This is in stark contrast to previous
analyses of DBP for DM systems, which, due to the use of low symbol rate signals,
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stated an optimum required oversampling bandwidth of between 300% and 400% [38]. We
verified that these results are consistent with the values obtained by the method adopted
in [42], where the received signal bandwidth is defined as the bandwidth amounting to
99.99% of the transmitted signal power. Thus, the full signal spectrum is captured and
processed at the receiver to achieve optimum nonlinearity compensation. It is important
to note that the impact of spectral broadening on nonlinearity compensation in DM links
is considerable even at low optimum launch powers. This contrasts with the dispersionunmanaged systems where similar SNR improvement was observed at much higher launch
powers. This is due to the enhanced four wave mixing as an effect of the dispersion maps
periodic structure, which gives rise to the nonlinear interactions. Furthermore, Fig. 5(c),
(d) and (e) show that the impact of spectral broadening on DBP performance is stronger
at 1000 km and decreases at 2000 km. At shorter distances where the contribution of
amplified spontaneous emission noise and nonlinear distortions are smaller, truncation of
the signal spectrum before nonlinearity compensation results in higher SNR degradation.
As the former effects become more dominant when distance is increased, the impact of
spectral broadening on DBP performance reduces.

Figure 5: Spectral broadening effect (4 dBm/ch) for (a) single-channel (32 GHz) and (b)
5-channel (160 GHz) transmission and (c) its impact on the SNR as a function
of launch power for single-channel and (d) the outermost of 5-channel systems
using DBP. (e) SNR versus channel index in 5-channel system for different DBP
bandwidths. Power (optimum for central channel) is 3 dBm (160-GHz DBP)
and 4 dBm (176-GHz DBP).
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2.4 Conclusions
The impact of signal spectral broadening on the performance of nonlinearity compensation in DM links was investigated for single-channel and WDM transmission. As with
dispersion unmanaged systems, the broadening effect in DM links has a strong impact
on nonlinear compensation performance, albeit at lower optimum launch powers. Remarkably, the results for both single- and multi-channel systems indicate that a relatively
small, and constant, additional DBP bandwidth (around 16 GHz in our study) includes
the spectral components of the signal, and its consideration optimizes the compensation.
Crucially, for the 5-channel system considered in this work, the additional DBP bandwidth required was just 10%. Therefore, our study quantifies the importance of the signal
spectral broadening for optimum compensation of deterministic nonlinear interactions in
such systems.

3 Probabilistic Eigenvalue Shaping for Nonlinear Fourier
Transform Transmission
3.1 Notation
The following notation is used throughout this section. R{·} and
√ I{·} denote the real and
the imaginary part of a complex number, respectively, and  = −1 denotes the imaginary
unit. Vectors are typeset in bold, e.g., x, random variables (RVs) are capitalized, e.g., X,
and hence vectors of RVs are capitalized bold, e.g., X. The probability density function
(PDF) of a RV X is written as pX (x) and the expectation as EX {x}. The conditional
PDF of Y given X is denoted as pY |X (y|x). The probability mass function (PMF) of a
RV X is denote by PX (x). The transpose of a vector or matrix is given as (·)T . A set is
denoted by X with cardinality |X |. We write loga (·) for the logarithm of base a and ln(·)
for the natural logarithm.

3.2 Nonlinear Fourier Transform-based Transmission System
3.2.1 Pulse Propagation and the Nonlinear Fourier Transform
Pulse propagation in optical fibers is governed by the nonlinear Schrödinger equation
(NLSE), a differential equation with unknown closed form solution,


∂u(τ, `)
α
β2 ∂ 2 u(τ, `)
+  u(τ, `) −
+ γu(τ, `)|u(τ, `)|2 = 0,
∂`
2
2
∂τ 2

where u(τ, `) denotes the envelope of the electrical field as a function of the position `
along the fiber and time τ , α the attenuation, β2 the second order dispersion, and γ the
nonlinearity parameter. For simplicity, we consider the NLSE in normalized form with no
attenuation, i.e., α = 0,


∂q(t, z) ∂ 2 q(t, z)
−
+ q(t, z)|q(t, z)|2 = 0,
∂z
∂t2
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λ

q(t, 0)
INFT

q(t, 1)

ψ
NFT

Channel

Figure 6: Block diagram of the NFT-based system.
p
√
√
where t = τ / β2 L/2, z = `/L, q = u γL/ 2, and L is the length of the fiber.
The NFT of a signal q(t) (we drop the position along the fiber as it is irrelevant) with
support on the time interval t ∈ [t1 , t2 ], is calculated by solving the partial differential
equation


∂v(t, λ)
−λ q(t)
=
v(t, λ)
(18)
−q(t)∗ λ
∂t

where v(t, λ) = v1 (t, λ) v2 (t, λ) is the eigenvector, with boundary conditions
v (1) (t, λ) → 0 1

T

eλt , as t → t2

v (2) (t, λ) → 1 0

T

e−λt , as t → t1 ,

and λ is the eigenvalue. Solving (18) gives rise to the continuous and discrete nonlinear
spectrum
q̂(λ) =

b(λ)
,λ ∈ R
a(λ)

q̃(λi ) =

b(λi )
, λi ∈ C+ ,
da(λ)/dλ|λ=λi

(2)

(2)

respectively, where a(λ) = limt→t2 v1 (t, λ) eλt , b(λ) = limt→t2 v2 (t, λ) e−λt , and λi are
the zeros of a(λ), λi ∈ C+ , a finite set of isolated complex zeros. Hence, in the nonlinear
spectral domain, the signal propagates linearly [43]. Note again that the NFT assumes a
lossless fiber, i.e., α = 0.
3.2.2 Soliton Transmission
As in [4], we embed information in the imaginary part of the discrete spectrum, also
referred to as eigenvalues. Hence, the input of the channel is an RV X ∈ Λ = {λ1 , . . . , λM },
where Λ is the set of eigenvalues, λi is the ith eigenvalue, and M is the order of the
modulation. The eigenvalues {λi } are assumed to be ordered in ascending order by their
imaginary parts. Furthermore, the output of the channel is an RV Y ∈ Ψ, where Ψ =
{y ∈ C : R{y} = 0, I{y} ≥ 0}. A block diagram is depicted in Fig. 6. The information
embedded in a single eigenvalue λ ∈ Λ is transformed to a time-domain signal q(t, 0)
via the inverse nonlinear Fourier transform (INFT) where the transmitter is located at
position z = 0 along the fiber. At position z = 1, the receiver calculates the discrete
spectrum ψ ∈ Ψ from the received signal q(t, 1) via the NFT. The time-domain signal
corresponds to first order solitons, i.e.,
q(t, 0) = 2I{λ} sech(2I{λ}t) ,
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where the amplitude is directly proportional to the imaginary part of λ and the pulse
width, denoted by T (λ), is inversely proportional to the imaginary part of λ,
max |q(t, 0)| ∝ 2I{λ}

T (λ) ∝

1
.
2I{λ}

For the NFT to be valid, the signal must have finite support, i.e., before transmitting the
next pulse, the previous one must have returned to zero. As the pulses in general have
infinite tails, we truncate them when they fall below a threshold close to zero. Hence, we
can formally define the pulse width.
Definition 1. The pulse width T (λ) of λ is defined as the smallest support containing a
fraction (1 − δ) of the energy of the pulse. When δ  1, we have
T (λ) ,

1
.
2I{λ}

In a practical system, under the assumption of distributed Raman amplification and
amplifier-induced spontaneous emission (ASE) noise of variance σ 2 , the conditional PDF
is [4]
!
p
√
4
I{λ}I{ψ}
8 I{ψ} − I{λ}+I{ψ}
2σ 2
pY |X (ψ|λ) = 2 p
e
,
(19)
I1
σ
σ2
I{λ}
where ψ is the received symbol as in Fig. 6, and I1 (·) is the modified Bessel function of the
first kind. The signal-to-noise ratio (SNR) is defined as SNR , 2EX {I{λ}} /σ 2 .
In [4], the shortest possible symbol interval is defined by the pulse duration of λ1 , i.e.,
the longest pulse. However, this tends to be inefficient since especially for short pulses, the
guard interval between two consecutive pulses is longer than necessary and thereby limits
the data rate. Here, we exploit the effect of varying pulse lengths and transmit each pulse
as soon as the previous one has returned to zero. This concept is depicted in Fig. 7, where
pulse sequences with fixed and varying symbol interval are compared. The figure clearly
shows the advantage of a varying pulse interval and also demonstrates the aforementioned
inefficiencies. The data rate of a system with varying symbol intervals depends on the
distribution of the data. Thus, we define the average symbol interval as follows.
Definition 2. The average symbol interval is
T̄ (X) ,

M
X

pX (λk )T (λk ) = EX {T (λ)} .

k=1

In [4], only eigenvalues with an imaginary part larger than zero are used. We extend
this by allowing I{λ} = 0. In the time domain, this results in a pulse with amplitude
zero, i.e., we do not transmit anything. We define its corresponding duration as the same
as the duration of the shortest pulse, T (λ = 0) , T (λM ).
As any practical system can handle only a maximum peak power and a maximum
bandwidth, we enforce a peak power constraint which relates to a maximum eigenvalue
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Figure 7: Comparison of a pulse sequence with static symbol intervals and dynamic symbol
intervals.
constraint. Especially in systems with lumped amplification and erbium-doped fiber amplifiers (EDFAs) such a constraint is required as eigenvalues fluctuate depending on their
amplitude and decrease the performance [44].
We note that the varying symbol interval introduces additional challenges on detection.
In particular, an erroneously detected symbol may lead to error propagation, insertion
errors (detection of symbols when none was transmitted), deletion errors (not detecting
a transmitted symbol), or the loss of synchronization. In this work, however, we neglect
these effects. Hence, the results can be seen as an upper bound on the performance.

3.3 Capacity Achieving Distribution
From Fig. 7, it is intuitive that pulses with short duration should be transmitted more
frequently than pulses with long duration. However, shorter pulses are more perturbed by
noise than longer pulses. Hence, the optimal input distribution to the channel is not the
conventional uniform distribution. The channel capacity is obtained by maximizing the
MI,
(
!)
pY |X (Y |X)
I(X; Y ) , EX,Y log2 P
λ̃∈Λ pY |X (Y |λ̃)pX (λ̃)
over all possible input distributions pX (λ). Here, due to the variable transmission duration,
we need to consider the MI under a variable cost constraint T̄ (·) [45],
I(X; Y ) ,

I(X; Y )
.
T̄ (X)

(20)

To emphasize that the cost of a symbol is its corresponding pulse duration, we refer to
the MI in the form of (20) as time-scaled MI. We can therefore define the capacity as
C , max I(X; Y ).

(21)

pX (λ)
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Figure 8: Optimal distribution for different SNRs.
The capacity-achieving distribution, denoted by p∗X (λ), is the one that maximizes I(X; Y ),
p∗X (λ) , arg max I(X; Y ).

(22)

pX (λ)

As the MI I(X; Y ) is concave in pX (λ) and T̄ (X) is linear in pX (λ), the time-scaled MI
I(X; Y ) is quasiconcave. We can solve (21) and (22) numerically using the golden section
search [46]. Exemplary results of the capacity-achieving distribution1 are shown in Fig. 8.
We note that the lowest and highest amplitudes are always used with high probability.
For low SNRs, only these are used, i.e., on-off keying (OOK) is optimal. Furthermore,
the capacity-achieving distribution is discrete and is of exponential-like shape with the
exception of a singularity at zero as it can be seen in Fig. 8.
In the case of a noiseless channel, following similar steps as in [47], it is possible to
derive a closed form solution to (21).
Lemma 1. The capacity-achieving distribution for the noiseless channel is given by
PX (λk ) = e

−

C
T (λk )

,

k = 1, . . . , M.

(23)

Proof. We start with the definition of I(X; Y ), i.e.,
I(X; Y )
H(X) − H(X|Y )
=
T̄ (X)
T̄ (X)
M
P
−
PX (λk ) ln(PX (λk ))
H(X)
=
= k=1
,
M
P
T̄ (X)
T (λk ) PX (λk )

I(X; Y ) =

k=1

where H(·) is the entropy function and H(X|Y ) = 0 since the channel is noiseless. For notational simplicity, denote P (λk ) as Pk in the following. We use the method of Lagrangian

1

Note that since we perform numerical optimization, we only get an approximation of the capacity and
the capacity-achieving distribution. However, for notational simplicity, we refer to them simply as
capacity and capacity-achieving distribution. Furthermore, C assumes memorylessness, which does
not necessarily hold due to the variable symbol interval. Hence, C is in fact the capacity under the
assumption of the memoryless channel.
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Figure 9: Time-scaled MI of the optimal distribution for linearly spaced constellations with
M points (colored solid), and of a system as in [4] (dotted). As a reference, the
capacity C is plotted as well (black solid).
multipliers to ensure that

PM

k=1 Pk

−

= 1 as Pk is a PMF and define the auxiliary function

M
P

Pk ln(Pk )

k=1

F ,

M
P

M
X

−ξ

!
Pk − 1 ,

(24)

k=1

T (λk ) Pk

k=1

where ξ is the Lagrangian multiplier. Setting the first derivative to zero,
to the capacity-achieving distribution for the noiseless channel,
−

Pk = ζ e

C
T (λk )

,

∂F
∂Pk

= 0, leads

k = 1, . . . , M

with ζ = e−ξT̄ (X)−1 . Substituting this result into the definition of I(X; Y ) gives

C=

−

PM

−

k=1 ζ e
PM

C
T (λk )

1
k=1 T (λk ) ζ

ln(ζ e
e

− ln(ζ)

=

− C
ζ
T (λk )
e
k=1 T (λk )

−

−

C
T (λk )

)

C
T (λk )

+C

PM

from which ζ = 1 follows, and consequently the capacity-achieving input distribution
PX (λk ) = e

−

C
T (λk )

,
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Figure 10: Block diagram of the PES scheme.
From Lemma 1, we note that for calculating the optimal input distribution, (23) is
not particularly helpful as it requires the capacity C, which itself requires the optimal
input distribution. However, we can use it to verify the conclusions drawn from Fig. 8.
We clearly see that (23) is of exponential shape with an additional singularity at zero.
Furthermore, we note that the shape of the distribution is mostly caused by the variable
pulse duration. The noise then determines the optimal location and optimal number of
constellation points.
For a transmission system, the MI is an upper bound on the achievable rate. In Fig. 9
we evaluate the time-scaled MI for various input distributions. The capacity is depicted
with a black solid line. To reduce the complexity of implementation, we constrain the
constellation Λ to M linearly spaced points from λ1 = 0 to λM , i.e.,
λi = (i − 1)

λM
for i = 1, . . . , M,
M −1

and plot the corresponding time-scaled MI in colored solid lines. We note that the timescaled MI is very close to the capacity curve until it saturates. Increasing the modulation
order M shows significant increase in the time-scaled MI. For comparison purposes, we
also plot the time-scaled MI for a system with fixed symbol duration and conventional
uniform distribution on a linearly spaced constellation as in [4]. We observe that the rate
saturates at very low values and that increasing the modulation order M shows only slight
improvement.

3.4 Probabilistic Eigenvalue Shaping
In the previous section, we observed a significant gap between the time-scaled MI of the
system in [4] and the capacity. This gap is referred to as shaping gap. In order to close
it, we propose a PES system as shown in Fig. 10, inspired by PAS [3].
In the PAS scheme, the sequence of uniformly distributed data bits is mapped to a
sequence of positive amplitudes distributed half Gaussian by a DM. The binary image of
this sequence is encoded by a systematic forward error correction (FEC) code, resulting
in uniformly distributed parity bits, which are then used to map the sequence of half
Gaussian distributed symbols to a stream of Gaussian distributed symbols.
As the capacity-achieving distribution p∗X (λ) is not symmetric, PAS cannot be directly
applied here. However, in order to keep the benefits of PAS, we wish to apply the DM
before the FEC. We describe PES in the following with reference to Fig. 10. The binary
data sequence u of length ks bits is mapped by the DM to a sequence of eigenvalues λ ∈
Λns of length ns distributed according to p∗X (λ). The constant composition distribution
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matcher (CCDM) can be used for that purpose [48]. It is asymptotically optimal as its
rate Rs approaches the entropy of the desired channel input X,
Rs =

ks
→ H(X) as ns → ∞.
ns

For large block sizes, the gap between Rs and H(X) is sufficiently small and can be
neglected. Note that some of the possible eigenvalues may occur with probability zero.
We consider the modulation order M to be a power of two such that we can define its
binary image. The binary image of λ, bi(λ), is then encoded by a systematic encoder with
information block length kc , code length nc , and rate Rc = nkcc . The code is denoted by C,
with |C| = 2kc . The parity bits at the output of the encoder are mapped to a sequence of
eigenvalues λpar ∈ Λpar with modulation order Mpar = |Λpar | and Λpar ⊆ Λ by the block
s(·) in Fig. 10 such that they are uniformly distributed.
Assuming that a high code rate Rc is used, we accept a small penalty with respect to the
optimal channel input distribution and transmit λ and λpar via time-sharing. The major
difference of PES compared to PAS is the fact that the channel input distribution is not
the optimal distribution due to the time-sharing with the sequence λpar . Consequently,
this causes a performance degradation. However, PES is highly flexible as the spectral
efficiency can be adapted by the DM and the code rate Rc , and a single code can be used.
Note that every eigenvalue is protected by the code as FEC is performed after the DM
and decoding and demapping can be performed independently. Thus, PES shares these
advantages with PAS.
We wish for a high code rate Rc to keep the performance degradation due to the timesharing low. More precisely, we wish to maximize the number of symbols distributed
according to p∗X (λ). The ratio between information symbols and coded symbols, denoted
by Rts , is an indication for the expected performance degradation,
Rts =
=

nc Rc
log2 (M )
nc (1−Rc )
nc Rc
log2 (M ) + log2 (Mpar )

Rc log2 (Mpar )
.
log2 (M )(1 − Rc ) + Rc log2 (Mpar )

(25)

3.4.1 Parity symbols
The parity symbols at the output of the FEC code encoder are uniformly distributed. In
Fig. 9, we observed that OOK with uniform signaling, i.e., Λpar = {λ1 , λM } and Mpar = 2,
is optimal for low SNR as it achieves capacity and performs reasonably well for high
SNR. However, we note from Fig. 9 that for a higher order modulation, even with uniform
signaling, higher rates are possible. Hence, here we consider a scenario where Mpar > 2.
We further increase the rate by only using a subset of Λ and by picking the eigenvalues
such that they are not uniformly spaced.
Example 1. Consider the information symbol alphabet Λ = {λ1 , . . . , λ8 } with M = 8.
For the Λpar , we could pick Λpar = {λ1 , λ6 , λ7 , λ8 } with pX (λ) = {0.25, 0.25, 0.25, 0.25}
and Mpar = 4.
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To find the function s(·) that maps the parity symbols onto λ ∈ Λpar , we use a greedy
algorithm as described in Algorithm 1. It starts with OOK, i.e., Λpar = {λ1 , λM }. For each
of the remaining symbols λ ∈ Λ \ Λpar , it calculates the time-scaled MI of λ ∪ Λpar , finds
the symbol λ for which the time-scaled MI of λ ∈ Λ \ Λpar is maximized, and adds it to
Λpar . All symbols with a smaller imaginary part than λ are removed, i.e., the eigenvalues
{λ0 ∈ Λ : I{λ0 } < I{λ}} are removed. This process is repeated until there are no symbols
left. We then choose the set of symbols that gives the highest time-scaled MI as Λpar . We
note that this procedure does not guarantee an optimal solution. However, for M = {4, 8}
an exhaustive search gives the same result as that of Algorithm 1.
Algorithm 1 Algorithm to calculate the signal points for the parity symbols. With a
slight abuse of notation, we denote the time-scaled MI of a set Λpar by I(Λpar ). We assume
the symbols in the set to be uniformly distributed.
Input: Constellation Λ
Output: Constellation Λpar
1: Λplaced = {λ1 , λM }
2: Λpar = {λ1 , λM }
3: Λnot placed = Λ \ Λpar
4: while Λnot placed 6= ∅ do
5:
for all λi ∈ Λnot placed do
6:
Calculate I(Λplaced ∪ λi )
7:
end for
8:
λmax := arg max I(·)
9:
Λplaced = Λplaced ∪ λmax
10:
if I(Λplaced ) > I(Λpar ) then
11:
Λpar = Λplaced
12:
end if
13:
Λnot placed = Λnot placed \ {λ : λ ∈ Λnot placed , I{λ} > I{λmax }}
14: end while
15: return Λpar
In Fig. 11, we show Λpar for different modulation orders and SNRs. For M = 4, we note
that for low SNR OOK gives the best result. Increasing the SNR results in a third level
being added. The same behavior is observed for M = 8. Compared to M = 4, the third
level is introduced at a slightly lower SNR. This results from the fact that for M = 8,
different constellation points are available. For M = 16, we note that again a third level
appears when increasing the SNR. When further increasing it, this third level moves to
an eigenvalue with larger imaginary part and consequently a fourth level at an eigenvalue
with lower imaginary part appears. This behavior can be observed repeatedly. To map
the binary parity bits to the constellation points, we require Mpar to be a power of two.
As this is not always the case (see Fig. 11), we pick the largest power of two that is smaller
or equal than the number of constellation points given by Algorithm 1.
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Figure 11: Resulting constellations for the parity symbols for different SNRs. Note that
the highest and the lowest eigenvalue is always occupied for every modulation
order.
3.4.2 Achievable Rate of Probabilistic Eigenvalue Shaping
To characterize the performance of PES, we derive the achievable rate of PES, denoted by
Rps . We assume that the channel is memoryless and that the decoder performs bit-metric
decoding.
Theorem 1. The achievable rate of PES is
Rps = Rts H(X) + m (1 − Rts ) −

m
X

mpar

H(XiB |YiB )

+ mpar −

i=1

X

B
B
H(Xpar,i
|Ypar,i
).

(26)

i=1

Proof. For a proof, refer to [49].
In Fig. 12, we plot the capacity and the achievable rate (26) for different code rates
Rc = {1/4, 1/3, 2/5, 1/2, 3/5, 2/3, 3/4, 4/5, 5/6, 8/9, 9/10} and modulation orders. Λpar
and hence Mpar are chosen according to the results of Algorithm 1. For each modulation
order, we notice that the curves cross at a certain SNR. For SNRs below this point, the
lowest code rate (corresponding to the highest curve) gives the best performance whereas
for SNRs above this point, the highest code rate (corresponding to the highest curve)
gives the best performance. We note the influence of time-sharing, which results in a gap
between the achievable rate and capacity. The gap increases for lower code rates Rc as
the channel input distribution deviates more from the optimal one.

3.5 Numerical Results
In this section, we evaluate the performance of the PES scheme via discrete-time MonteCarlo and SSF simulations. For the mapping bi(·) (see Fig. 10), we use Gray labeling.
Also, for the FEC, we use the binary LDPC codes of the DVB-S2 standard with code
length nc = 64800 and code rates Rc = {1/4, 1/3, 2/5, 1/2, 3/5, 2/3, 3/4, 4/5, 5/6, 8/9,
9/10}. For the parity symbols, we use the constellation arising from Algorithm 1, depicted
in Fig. 11.
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Figure 12: Achievable rates for different code rates with Λpar according to Algorithm 1.
Table 1: Parameters of the fiber.
Span length
Second order dispersion
Nonlinearity parameter
Attenuation
Normalized pulse width

lspan
β2
γ
α
T0

80 km
−21.137 ps2 km−1
0.0014 W−1 m−1
0.2 dB km−1
100 ps

In Fig. 13, we plot the transmission rate at a bit error rate (BER) of 10−5 for M = 4, 8
and 16. The highest transmission rate for each modulation order corresponds to the
highest code rate Rc . We notice that the gap to capacity for M = 4 is smaller than for
M = 8 and M = 16. If we consider ∆M = M − Mpar , i.e., the difference of the modulation
order of Λ and Λpar , we note that for a low M , ∆M is low was well. For example, for
M = 4, ∆M ≤ 2. Hence, the rate loss due to time-sharing is small. For M = 16, the gap
to capacity is smaller than for M = 8. Considering the relevant SNR range, we note that
∆M is smaller for M = 16 than for M = 8 and thus explaining the smaller rate loss.
We also simulated the transmission over a fiber using SSF simulations. We consider
a single mode fiber (SMF) with parameters as in Table 1 and two different amplification
schemes, distributed Raman amplification and lumped amplification using EDFAs. For
both schemes, the peak power constraint is chosen such that the effect of the EDFAs can
be neglected, i.e., λmax = 2. For each modulation order M = {4, 8, 16}, we determine the
furthest distance over which we achieve error-free transmission and consider the rate gain
compared to an unshaped system as in [4]. This results for M = {4, 8, 16} in error-free
transmission over 3200 km, 3040 km, and 2960 km at a rate gain of 20 %, 26 %, and 95 %,
respectively. The results do not differ for distributed and lumped amplification as this is
ensured by the peak power constraint.
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Figure 13: Performance of time sharing with geometric shaped parity symbols. The rate
points correspond to a performance at BER = 10−5 . The highest transmission
rate for each modulation order corresponds to the highest code rate Rc .

3.6 Conclusion
We presented a probabilistic shaping scheme for an NFT-based transmission system embedding information in the imaginary part of the discrete spectrum. It shapes the information symbols according to the capacity-achieving distribution and transmits them via
time-sharing together with the uniformly distributed, suitably modulated parity symbols.
We exploited the fact that the pulses of the signal in the time domain are of unequal
length to improve the data rate compared to [4]. We used the time-scaled MI and derived
the capacity-achieving distribution in closed form for the noiseless case and numerically in
the general case. We showed that probabilistic eigenvalue shaping significantly improves
the performance of an NFT-based transmission scheme, and can almost double the data
rate.
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[3] G. Böcherer, F. Steiner, and P. Schulte, “Bandwidth efficient and rate-matched lowdensity parity-check coded modulation,” IEEE Trans. Commun., vol. 63, pp. 4651–
4665, Dec. 2015.
[4] N. A. Shevchenko, J. E. Prilepsky, S. A. Derevyanko, A. Alvarado, P. Bayvel, and
S. K. Turitsyn, “A lower bound on the per soliton capacity of the nonlinear optical
fibre channel,” in Proc. IEEE Inf. Theory Workshop (ITW), (Jeju-si, South Korea),
pp. 104–108, Oct. 2015.
[5] C. Jiang et al., ”Machine learning paradigms for next-generation wireless networks,”
IEEE Wireless Commun., vol. 24, no. 2, pp. 98-105, 2017.
[6] F. Khan, C. Lu, A. Lau, ”Machine learning methods for optical communication systems,” in Advanced Photonics 2017 (IPR, NOMA, Sensors, Networks, SPPCom, PS),
OSA Technical Digest (online) (Optical Society of America, 2017), paper SpW2F.3.
[7] J. Thrane et al., ”Machine learning techniques for optical performance monitoring from
directly detected PDM-QAM signals,” J. Lightwave Technol., vol. 35, no. 4, pp. 868875, 2017.
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